Abstract: This study applies wavelet coherency analysis to examine the relationship between the U.S. per capita real GDP and six income inequality measures over the period 1917 to 2012. Wavelet analysis allows the simultaneous examination of correlation and causality between the two series in both the time and frequency domains. Our findings provide robust evidence of positive correlation between the growth and inequality across frequencies. Yet, directions of causality vary across frequencies and evolve with time. In the time-domain, the time-varying nature of long-run causalities implies structural changes in the two series. These findings provide a more thorough picture of the relationship between the U.S. per capita real GDP and inequality measures over time and frequency, suggesting important implications for policy makers.
1.
Introduction Kuznets (1955) and Kaldor (1955) posed the issue of the relationship, if any, between income inequality and economic growth. Since then, researchers explore whether a country's inequality in the distribution of income increases or decreases in concert with its economic growth. Studies provide evidence that supports the view that inequality slows growth over the medium and long terms (Alesina and Perotti, 1996; Alesina and Rodrik, 1994; Person and Tabellini, 1992; Birdsall et al., 1995; Clarke, 1995; Deininger and Squire, 1996; Easterly, 2007; Wilkinson and Pickett, 2007; Berg et al., 2012) . These researchers suggest several channels for a negative influence, such as inequality prevents the poor from accumulating human capital by delaying the timing of investment in human capital (Galor and Zeira 1993; Perotti, 1996; Galor and Moav, 2004; Aghion el al., 1999) , and/or inequality generates political and economic instability that reduces investment Tabellini, 1992, 1994; Alesina and Perotti. 1996) and obstructs the social consensus required to mitigate shocks and maintain growth (Rodrik, 1999; Woo, 2005) . In contrast, a number of studies provide evidence of a positive relationship between inequality and growth. According to these researchers, inequality affects growth positively by providing incentives for entrepreneurship (Lazear and Rosen, 1981; Hassler and Mora 2000) , and/or by boosting saving and investment (Kaldor, 1955; Bourguignon 1981) , by developing human capital (Saint-Pal and Verdier, 1993; Barro, 2000) .
In addition to the studies that consider the long-term relationship between inequality and growth, other studies focus on the ambiguous short-term relationship (Stiglitz, 1969; Loury, 1981; Tamura, 1991; Perotti 1993; Benabou, 1996; Tsiddon 1996, 1997; Aghion and Bolton 1997; Li and Zou, 1998; Aghion et al., 1999; Maoz and Moav 1999; Fishman and Simhon 2002; Zilcha, 2003; Galor el al., 2009; Forbes, 2000; Banerjee and Duflo, 2003; and Halter el al., 2014) . This literature uncovers a complex set of interactions, which depends on the specific research method and sample, between inequality and economic growth and highlights the difficulty of capturing a definitive causal relationship. Inequality either promotes, retards, or does not affect growth.
Most existing studies that examine the inequality growth nexus exclusively utilize time-domain methods. Few studies consider the frequency-domain relationships. The timeand frequency-varying relationships can provide significant implications for macroeconomic policymakers. The time-varying relationships indicate that the variables influence each other differently at different points in the business cycle (time) (Li et al., 2015) . Frequency-varying relationships reveal short-versus long-term linkages between variables. Forbes (2000) emphasizes that a temporary relationship between inequality and growth does not directly contradict a permanent relationship and suggests a careful re-examination of the numerous linkages between inequality and growth.
Our paper explores these short-and long-term relationships between inequality and growth from the perspective of macroeconomic policy makers who undertake policies that could simultaneously improve growth and equality. We employ wavelet coherency analysis to examine the relationships between the U.S. per capita real GDP and inequality measures in the time and frequency domains. Wavelet coherency and phase differences simultaneously evaluate how causalities between U.S. per capita real GDP and the inequality measures fluctuate across frequencies and vary over time. This allows us to obtain short-term (highfrequency) and long-term (low-frequency) relationships between the two series -per capita real GDP and each of our income inequality measures -as well as potential structural breaks and time-varying relationships.
Wavelet analysis allows the extraction of time-and frequency-localized information, which permits deeper investigation of the causality between variables (Roueff and Sachs. 2011 ). Economic processes emerge as outcomes of the actions of numerous agents at different frequencies, which implies that a macroeconomic time series incorporates information that operates at different time domains. Wavelet analysis separates the time series into several sub-series, which may associate with a particular time domain and which narrows the focus to provide fruitful insights on economic phenomena Zhang. 1996, 1997) . Moreover, we can apply wavelet analysis to non-stationary and locally stationary as well as series with structural breaks (Roueff and Sachs, 2011) . By considering time series at different frequencies, we may obtain new insights about the series, which may allow isolation of interesting aspects of economic time series not observable in the timedomain.
Methodology: Wavelet coherency and phase difference
While wavelet analysis closely relates to Fourier analysis, wavelet analysis, however, possesses certain advantages. Wavelet analysis conserves information in both time and frequency domains by conducting the estimation of spectral characteristics of a time series as a function of time (Aguiar-Conraria et al., 2008) . Also, wavelet analysis applies for nonstationary or locally stationary series (Roueff and Sach, 2011) . Wavelet coherency allows for a three-dimensional analysis, which considers the time and frequency elements at the same time, as well as the strength of the correlation between the time-series elements (Loh, 2013) .
In this way, we can observe both the time-and frequency-variations of the correlation between two series in a time-frequency domain. Consequently, wavelet coherency provides a much better measure of co-movement between variables, U.S. per capita real GDP and our various income inequality measures, in comparison to conventional causality and correlation analysis. Following the approach of Li et al. (2015) , we estimate wavelet coherency by using the cross-wavelet and auto-wavelet power spectrums as follow:
where S is a smoothing operator. 1 . This formula gives a quantity between 0 and 1 in a timefrequency window. Zero coherency indicates no co-movement between per capita real GDP and an income inequality measure, while the highest coherency implies the strongest comovement between the two series. On the wavelet coherency plots, red colors correspond to strong co-movement whereas blue colors correspond to weak co-movement.
We cannot easily distinguish between positive and negative co-movements as the wavelet coherency is squared. Thus, we use the phase difference to provide information on positive and negative co-movements as well as the leading relationships between the two series. Bloomfield et al. (2004) characterizes the phase difference relationship between ( ) and ( ) such that:
where ℐ and ℜ equal the imaginary and real parts of the smoothed cross-wavelet transform, respectively.
A phase difference of zero reveals that the two underlying series move together, while a phase difference of (− ) indicates that two series move in the opposite directions. If ∈ (0, 2 ⁄ ), then the series move in phase (positively co-move) with ( ) preceding ( ). If ∈ ( 2, ⁄ ), then the series move out of phase (negatively co-move) with ( )
, then the series move out of phase with ( ) preceding ( ). Finally, if ∈ (− 2,0 ⁄ ), then the series move in phase with ( ) preceding ( ).
Also, the phase difference can imply causality between ( ) and ( ) in both the time and frequency domains. In sum, wavelet analysis permits deeper understanding than the conventional Granger causality test, which assumes that a single causal link holds for the whole sample period as well as at each frequency (Grinsted et al., 2004; Tiwariet al., 2013) .
For example, in wavelet analysis, if ( ) precedes ( ), then a causal relationship runs from ( ) to ( ) at a particular time and frequency (Li et al., 2015) .
Data
Our analysis relies on the natural logarithm of U.S. per capita real GDP and the four income inequality measures -Atkinson Index, Gini Coefficient, the Relative Mean Deviation, Theil's entropy Index,-as well as Top 10%, and Top 1% income shares as useful proxies for inequality across the income distribution (Leigh, 2007) 
Preliminary analysis
Though our focus considers wavelets, we initially do a preliminary analysis, involving standard causality tests. To start, we first test the data series for unit roots. These tests fail to reject the null hypothesis of non-stationarity for the six income inequality measures as well as per capita real GDP at the 5-percent level. The test results further indicate that the first differences of the series do reject the null of a unit root. Therefore, the unit-root tests indicate that the data conform to I(1) processes.
[See Tables 1 and 2] The presence of unit roots makes the traditional asymptotic inference invalid by violating asymptotic normality. Toda and Yamamoto (1995) propose an interesting, yet simple, procedure requiring the estimation of an augmented VAR that guarantees the asymptotic distribution of the Wald statistics (an asymptotic Chi-square distribution), since the testing procedure proves robust to the integration and cointegration 4 properties of the processes. In other words, the result holds no matter whether series are I(0) or I(1) and/or whether cointegration does or does not exist. Toda-Yamamoto causality tests show that one-way causality exists from the inequality measures to per capita real GDP for Atkin05, Rmeandev and Theil, whereas one-way causality exists from per capita real GDP to the Top 10%. Also, it shows two-way causality exists between the Gini coefficient and per capita real GDP and no causality between the Top 1% and per capita real GDP. The Toda-Yamamoto test, however, cannot distinguish between short-and long-run causality. Thus, we should test for cointegartion and causality jointly across the frequency domain.
To examine the short-and long-run stability of the coefficients of the VAR model formed by each one of the six income inequality measures and per capita real GDP, we apply the Lc tests of Nybolm (1989) and Hansen (1990) , which test the null hypothesis of constant parameters against the alternative hypothesis that the parameters follow a random-walk process (Gardner, 1969) . When the series are I(1), the Lc test can also serve as a test of cointegration, which indicates stability of the implied long-run relationship. According to Andrew (1993) and Andrew and Ploberger (1994) , the F-statistics test the null hypothesis of no structural break against the alternative hypothesis of a single shift of unknown change point. We also apply these tests for stability of the short-run parameters, using the three different test statistics: Sup-F, Ave-F, and Exp-F. Contrary to the Lc test, the F-tests require trimming from the ends of the sample. The p-values and critical values for all stability tests come from parametric bootstrapping, which avoids the use of asymptotic distribution. To check for the robustness of long-run stability of the parameters, we also estimate the cointegration equation between the variables based on the FM-OLS estimator. -1965-1973, 1978-1987, and 2011-2012. [See Figure 2 ] The Gini coefficient exhibits a strong and statistically significant correlation with U.S.
per capita real GDP from 1917 to 1930 and from 1970 to 2012 in Figure 2 . Figure 2 also shows causality between U.S. per capita real GDP and the Gini coefficient. Over the short and long term, the two series show positive correlation.
[See Table 6] The Gini coefficient leads per capita real GDP from 1967-1972 at high frequency in Table 6 , while per capita real GDP leads the Gini coefficient from 1917-1970 at low frequency. We can see the temporary causality does not determine long-run causality.
[See Figure 3 ] From 1980 to 2012, U.S. per capita real GDP and the Rmeandev inequality measure show a statistically significant high coherency across the 1-2 year frequency band (see Figure   3 ) with an in-phase relation (see Table 7 ).
[See Table 7 ] We observe across the 1-2 year frequency band in Table 7 [See Table 8] The phase difference shows causality between the U.S. per capita real GDP and the Theil index in Table 8 [See Figure 5 ] Across the 1-2 years frequency band, two significant islands exist of high coherency between U.S per capita real GDP and the Top 10% around 1955 and from 1985 to 2012 in Figure 5 . Across the 2-3 years frequency band, we observe a significant island from 1945 to 1957, which is related to the World War II as the Top 10% income share fell substantially during the World War II (Goldin and Margo, 1992) . We observe the consistent strong correlation between U.S per capita real GDP and inequality measures at the 1-2 years frequency at the recent sample years. This can be explained with a Tax Reform Act of 1986.
Tax Reform Act lowered the top tax rate and raised the bottom tax rate, which contributes that U.S per capita real GDP leads income inequality in the recent sample years.
[See Table 9 ] Table 9 shows causality between the U.S. per capita real GDP and the Top 10%. At high frequency, the Top 10% leads per capita real GDP from 1917-1988. At low frequency, the Top 10% leads per capita real GDP from 1917-1973 and 1979-1984. [See Figure 6 ] In Figure 6 , we observe a statistically strong correlation from the 1926 to the 1949 between per capita real GDP and the Top 1 % across the 2-3 year frequency band as during the Great Depression the top 1% declined extensively.
[See Table 10 ] At high frequency, the Top 1% leads per capita real GDP from 1917-1993 and 2003-2012 in Table 10 . At low frequency, the Top 1% leads per capita real GDP from 1917-1983 and 1986-2012 . These results fall in line with the literature, which focused on whether a higher level of income associates with higher or lower inequality, finding no overall effect (Dollar and Kraay, 2002; Dollar el al., 2013) . Overall, we observe the directions of short-and long-term causality vary. If we restricted our analysis to classical time series, we would find any information about frequency differences. To develop a deeper understanding of the relationships between U.S. per capita real GDP and our measures of income inequality requires wavelet analysis.
Conclusion
Policy makers attempt to reduce inequality and to sustain and/or boost economic growth. The relationship between inequality and growth received much analysis in the existing literature.
Unfortunately, numerous variables affect these variables simultaneously or at different points of time, rendering net causality and correlation results difficult to document. This paper investigates the causal relationship between U.S. per capita real GDP and six measures of income inequality. We use wavelet coherency analysis, which allows the causal relationship between the two series to vary over time and frequency. Wavelet analysis is robust to lag length, stationarity, cointegration, and model specification. Furthermore, it permits examining for cointegration and causality. We use annual time-series data from 1917 to 2012 from the US, which covers numerous economic expansions and recessions.
This paper addresses the possible presence of structural breaks. We employ tests for parameter constancy to examine the stability of the estimated VAR model and to test for both short-and long-term instability. Therefore, the Granger causality test will not provide reliable results. We apply the time-and frequency-varying wavelet coherency analysis to assess the causal relationship between the U.S. per capita real GDP and our six income inequality measures.
Results show that the periods and directions of short-and long-term causality vary.
Also, short-term relationships do not necessarily coincide with long-term relationships.
Causality changes direction -from inequality leading to per capita real GDP leading. We find different directions of causality for our six income inequality measures -especially during periods of volatility such as World War II (1939 II ( -1945 , the OPEC oil shocks (1973) (1974) (1975) (1976) (1977) (1978) (1979) , the early 1980s recession, the transitory recession in the 1990s, and the recent financial crisis and Great Recession.
This paper began with a mass of mutually conflicting findings on how inequality affects growth. Our findings support the view that inequality and growth are positively correlated in the short and long term, even though series frequently change their relationships between the short and long term.
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To reduce income inequality, policy makers use taxes to redistribute income from the rich to the poor. Such tax induced redistribution may not work because it takes away incentives and may produce rent-seeking (Lazear and Rosen, 1981; Hassler and Mora 2000) .
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